Erik Pfister, Jorg Stiller

Institute of Fluid Mechanics

TU Dresden

TECHNISCHE | |
@ UNIVERSITAT = Mail o® Website
DRESDEN



MOTIVATION



e Spatial HOM combined with low order time integrators
e Discrepancy spatial and temporal accuracy

4 Solution

e Local adaptivity in space and time
— more efficiency and runtime savings

u: -05-0.1 0.3 0.6 1.0

Numerical simulation of the flow over a cylinder at Reynolds number 3900: unstructured mesh and instantaneous vortices colored by streamwise velocity [Pan et al.
(2021) Pan et. al., 2021]
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1. SI-MLSDC Methods
2. Dahlquist Problem
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4. Conclusions/ Outlook




SI-MLSDC METHODS
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k = current Sweep, NN = node-to-node and RR collocation points
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IMEX Euler
H! = 4 SI(1)
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Matrix Form

F'N(uf) = g¥V + CVV (H} — H;™")
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V-Cycle with L=2

Pre-Smoothing Post-Smoothing
u, < SDC_Corrector(u,, g,.1) u, < SDC_Corrector(u,,g,.1)

Restriction
r, =g, — Fy(u,) Solution Interpolation
v, =Pu, u"™ =u, +7, (Hl ~Pu,)

g, =F,(v,)+Rr,

Coarse Solution
u, < SDC_Corrector(u,, g, N)
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Incremental formulation

F¥Y(uf) = g"V + C'V (Hf - H}™")

with
1 0 0
0 :
C = _
0 0 1
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Non-incremental formulation

FV (uf) = gov + C)N (Hf - H ')

with
1 O 0
1 1 :
ON :
G = 0
1 1 |
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DAHLQUIST



Dahlquist Equation

o;u = Au| with 4 € C

u(t =0) = (1,0), onetimestep, Ar =1

~n+1
un+

. > R(z)=0n' =z
U

one step methods: R(z) =
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Stability MLSDC-EU-EU Incremental

Stability Domains: MLSDC-EU-EUS 5 ,, predictor
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Incremental

Stability Domains: MLSDC-SI(LI)% 5 77 predictor
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Stability MLSDC-SI(1,1)

Non-incremental

Stability Domains: MLSDC-SI{LI)% 5 77 predictor
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Incremental

Stability Domains: MLSDC-SI(ZZ)% 5 77 predictor
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Stability MLSDC-S1(2,2)

Non-incremental

Stability Domains: MLSDC-SI{ZZ)% 5 77 predictor

20.0

17.5 -

15.0 -

12.5 -

10.0 -

=1

5.0 -

2.3 4

OO0 0O0O0n00n

I
=== 000 & NO

BN O

0.0

-10




Accuracy MLSDC-SI fore = 107°

Incremental MLSDC-SI(1,1) Incremental MLSDC-SI(2,2)

Error Domains: MLSDC-SI(1,1)§ 5 ,, predictor Error Domains: MLSDC-SI(2,2)§ 5 ,, predictor
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CONSERVATION LAWS
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Spatial Discretization

Discontinuous Galerkin - Spectral Element Method

Spatial domain with elements £2;, = UQ°

Elements with polynomial basis of degree P

Convection term with Riemann flux (scalar) or Roe flux (CNS)
Diffusion term wit symmetric interior penalty method




Convection-Diffusion Equation

o,u = —0,(vu) + 0, (vo, u)

with constant velocity v and v > (), periodic BC and

x €[0,1], € [0,0.01] onetime step

Space Time
ney BP=0, ny M,
Level 1 64 10 | S
Level 2 64 15 | 7

Exact solution - wave package u(x, 1) = 21'7:1 a;sin(m (x — 8i — ut)) exp —Kf‘vt




max. Error over Iteration: v=1e — 3, Neoarse = 2, predictor

10—3_ _____ f ‘ ----------------------------------------- | . SDC§
- ’ MLSDCE ,
10—5_, ________________________________________________________________________________________ L —————
E s
10—?_, ---------------------------
10—9* ---------------------------
0 2 4 6 8 10

lteration
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Burgers Equation

aru —_

—0, (5u”) + 0x(Vosu) + fi(x,1)

with v > 0, Dirichlet and Neumann BC and

x e [-1,1], t € [0,2]

Space Time
Re | P O Ny M,
[evel 1 20 3 | 1 5
[Level 2 20 10 15 | 7
Moving front solution: u(x, 1) = 1 — tanh( x+{;5—r

)
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10>

Error over CFL: v=10.1, Ncoarse = 2, predictor
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Compressible Navier Stokes

ou=—0d.f.(u)+o.1,(u)+1f,(u, x,r)

conservative variables u, convective fluxes f,. and diffusive fluxes {,

p pU 4 0
u=\| pv |, f. = pU2 + P , fg = 3’7@:{“

pE pvE + pv %nvaxv + A0xT




Acoustic Wave

x €[0,1], t€[0,2.619 % 10~°]
Fluid: Air (R = 287.28,y = 1.4)

Ma= 0.1, p, = 1000, T,, = 300, dyn.visc.# = 107>, Pr= 0.75

Space Time
ney P Q| ny M,
Level 1 10 15 30 | S
Level 2 10 15 30 | 7

Reference plot with TVD-RK3 and CFL =~ (.83
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Acoustiv wave SDC vs. MLSDC

SDC MLSDC

SDC - CNS Acoustic Wave, predictor CNS Acoustic Wave, predictor
S TN —— reference P —— reference
0.01170 - ' " SDC!2 CFL = 32 o ) R MLSDC? , CFL =32
SDC2 CFL = 64 d MLSDC? , CFL =64
0.01165 ---- SDCj* CFL=128 ---- MLSDC2 , CFL=128
| 0.01165 )
---- SDCj* CFL =256 ---- MLSDC? , CFL =256
o SDC}? CFL=512 MLSDCS ; CFL =512
0.01160 - ..r": T 0.01160 - ;'
001155 1 0.01155 4
001150 4 0.01150 4
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
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CONCLUSIONS/ OUTLOOK




30

Conclusions

e Stable SI-MLSDC methods for range of problems
e ML acceleration clearly recognizable
e Preferto take incremental fromulation




Lessons learned

. . 102 Burgers Runtimes over CFL: v=0.1, Nsarse = 2, predictor
Sta blllty S Ightly WOrse X SDC3? - Fine Sweeps: 12
tha N for S :)C alone MLSDC2 ; - Fine Sweeps: 10
h-refinement in time oy

. X X
problematic 5 X
.. K ¢ 2 %

Projection method plays 9

. 1DD_
role in accuracy
Runtime savings not as
high as expected 10—

CFL




32

e Runtime analysis Likwid
e 3D — more runtime savings

expected
e Multi level adaptive technique




33

TECHNISCHE
@ UNIVERSITAT
DRESDEN

< Mail

o® Website




